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Abstract 
 
To satisfy the various demands such as no-backlash characteristic and so on, we have newly developed three types of no-backlash re-

ducers: the cycloid ball reducer, the precession ball reducer and the reciprocating motion input type ball reducer. Especially, these reduc-
ers are developed for the robot joints. Also, these reducers are a kind of the constant velocity cam mechanisms with rolling balls; their 
inputs use eccentric motion, precession motion and reciprocating motion. The motion principle and the profile calculation method of each 
reducer are proposed, using the vector analysis.  
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1. Introduction 

The characteristic of a no-backlash transmission is the most 
important performance for industrial robots. To satisfy that 
performance, many varieties of the no-backlash reducers have 
been developed [1-3]. However, the conventional no-backlash 
reducers have a limited reduction ratio. So, we cannot select 
an arbitrary reduction ratio. Also, these reducers cannot often 
be used to the robot wrist joint; that size is limited strictly. 
And the conventional orthogonal axis output type reducers 
cannot eliminate the backlash. To solve these problems, it is 
difficult to develop only one type of reducer. Therefore, we 
have paid attention as follows:  
(1) The planetary motion can generate the reduced rotation 

with high reduction ratio.  
(2) The cam mechanism is designed using motion loci; that is, 

no-backlash in theoretical calculation. 
(3) The simplest rolling element is the ball shape. 

Considering these points, we have developed three input 
motion type reducers which are a kind of the constant velocity 
cam mechanisms with rolling balls; they have eccentric mo-
tion, precession motion and reciprocating motion. The eccen-
tric input type is useful for the co-axial output type reducer. 
And the precession motion input type is useful to generate the 
reduced orthogonal axis output rotation. Also, the reciprocat-
ing motion input type is suitable for the hollow shape and the 
large diameter of the reducer elements. 

In this report, an overview of the developed reducers is 
shown. And the motion principle and the profile calculation 
method are shown, using the some developed reducers. 

 
2. Development of the eccentric motion input type 

ball reducer 

2.1 Single stage type cycloid ball reducer 

The single stage type cycloid ball reducer [4] consists of 
two sections: the reduction section and the motion transmit-
ting section with many circular grooves, shown in Fig. 1. The 
reduction section is driven by the eccentric input shaft shown 
in Fig. 1 as 1. To eliminate the excitation which is caused by 
eccentric motion, a counter weight is needed as 2. The reduc-
tion section consists of a fixed disc 4 with an epi-trochoidal 

 

 
 
Fig. 1. Fundamental structure of a single stage type cycloid ball reducer. 
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Fig. 2. Equivalent model of a two stage type cycloid ball reducer. 

 

 
 
Fig. 3. Fundamental structure of a two stage type cycloid ball reducer. 

 
wave groove 5, an eccentric motion disc 6 with a hypo-
trochoidal wave groove 7, and many rolling balls 8. To elimi-
nate the eccentric rotation, the motion transmitting section 
consists of many rolling balls 11, the circular grooves 10 of 
the eccentric motion disc 8 which are arranged on the opposite 
side of a trochoidal wave groove, and the output disc 9 with 
circular grooves. Also, the generated reduced motion rotates 
the output shaft 12. 

 
2.2 Two stage type cycloid ball reducer 

At the single stage type reducer, to eliminate the excitation 
which is caused by eccentric motion, a counterweight is 
needed. Furthermore, the improvement of reducer configura-
tion is necessary to satisfy the light weight and small size. So, 
we have developed a two-stage type cycloid ball reducer [5] 
that consists of two sections, the reduction section and the 
motion transmitting section with many circular grooves, 
shown in Fig. 2. Each fundamental element is similar to the 
single stage type reducer, as shown in Fig. 3. Each terminol-
ogy is defined in Table 1. 

Table 1. Terminology of a two stage type trochoidal wave ball reducer. 
 

 
 

2.3 Kinematic analysis of a reduction section 

In general, the epi/hypo-trochoidal curve is well known as 
the locus of the arbitrary point on the rolling circle without 
slipping around the base circle. To decide the arbitrary posi-
tion on the rolling circle, we have newly defined the trochoid 
factor. So, using the standard radius, the trochoid factor and 
the number of trochoidal wave on each base circle, epi-
trochoidal curve P3 is defined as Eq. (1) and the hypo-
trochoidal curve P4 is defined as Eq. (2). 

 
3 1 3(1 )

1 0a a 0a( 1) j j nn r e r eθ θα += + − ⋅3P          (1) 
4 2 4(1 )

2 0a a 0a( 1) j j nn r e r eθ θα −= − + ⋅4P           (2) 
 
The trochoid factor αa defines the shape of the trochoidal 

curve. In cases in which that factor is 1.0, that curve has a 
cycloidal shape, and when that is higher than 1.0, that curve 
has a wave shape with a loop. Therefore, the trochoid factor 
should be selected as Eq. (3). 

 
a0 1.0α< ≤                   (3) 

 
And the eccentricity e1 is defined as shown in Eq. (4). 
 

1 a 0a2e rα= ⋅                   (4) 
 
The center locus of the wave groove on each disc conforms 

to the trochoidal curve, so we analyze the center loci. And 
when the fixed disc has a hypo-trochoidal wave groove, and 
the eccentric motion disc has an epi-trochoidal wave groove, 
the geometry of a reduction section is shown in Fig. 4. The 
motion of the epi-trochoidal wave locus P2 on the eccentric 
motion disc is defined by Eq. (5). 
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Fig. 4. Geometry of an epi-trochoidal wave and a hypo-trochoidal 
wave meshing. 

 
In this equation, the δ shows the reduced rotation angle 

around the first stage eccentric shaft. On the other hand, the 
hypo-trochoidal wave groove on the fixed disc conforms to Eq. 
(2). When these grooves are meshed across many balls, as 
shown in Fig. 4, the first stage design conditions are needed as 
follows. 
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The motion of the epi-trochoidal wave locus P2 is shown in 

Eq. (7). This equation is satisfied on the arbitrary rotation. 
 

in
1 in
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In cases in which all meshed points with balls conform to 

the points on tangents of the epi-trochoidal curve and the hy-
po-trochoidal curve, all balls are arranged to the equivalent 
pitch. The number of balls is n1+1. 

At the second stage section, the motion analysis is similar to 
the first stage section. However, to rotate with a constant ve-
locity, the f1 must be an integer which shows the design condi-
tion parameter of wave numbers, as Eq. (8). 
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So the relation between the number of a first stage epi-

trochoidal wave n5 and the reduction ratio i is needed as 
shown in Fig. 5. 
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Fig. 5. Relation between the numbers of a stage epi-trochoidal wave. 
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Fig. 6. Geometry of a circular groove wave meshing. 

 
2.4 Kinematic analysis of a motion transmitting section 

At the two stage type reducer, the two reduction sections are 
driven by two eccentricities which are not equal. So, the 
transmitting section is needed to eliminate the different rota-
tional phase and the different eccentricities. The circular 
grooves of the eccentric motion discs are arranged on the op-
posite side of each trochoidal wave groove. The geometrical 
model is shown in Fig. 6. The eccentricity of the second stage 
e2 is defined as shown in Eq. (9). 

 
2 b 0b2e rα= ⋅                    (9) 

 
The second stage eccentricity is arranged on an opposite phase 
to each other. The initial position of circular grooves is located 
on an opposite phase, too. Using Eq. (7), the standard radius r8, 
the circular groove radius r7, and rotation angle of each stage 
θ8, θ7, the circular locus curve P8 on the first stage side are 
defined as Eq. (10), and the circular locus curve P7 on the 
second stage side is defined as Eq. (11). 

 
8in

a 0a 8 a 0a b 0b2 ( ) jj jr e r e r r e θθ δα α α= ⋅ + + ⋅ + ⋅8P     (10) 
7in

b 0b 7 a 0a b 0b2 ( ) jj jr e r e r r e θθ γα α α= − ⋅ + + ⋅ + ⋅7P    (11) 

 
In this equation, the γ shows the reduced rotation angle around 
the second stage eccentric shaft. When these grooves are 
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meshed across many balls, the design conditions are needed as 
Eq. (12). 
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3. Development of the precession motion input type 

ball reducer 

3.1 Co-axial output type precession ball reducer 

The co-axial type precession ball reducer [6] consists of an 
inclined input shaft 1, a precession motion rotor 2 which ro-
tates around the input shaft freely, many rolling balls on the 
rotor 3, a fixed ring 4 with spatial circular grooves 5 of an 
inside surface and an output ring 6 with the trochoidal wave 
groove 7 of an inside surface, as shown Fig. 7. The output ring 
has a coaxial output to the input shaft. Many balls which are 
arranged on the rotor are meshing with the spatial circular 
grooves 5, to generate a precession motion of pre-cession rotor. 
The spatial cycloidal or trochoidal wave groove 7, which is 
based on a precession motion, generates the reduced rotating 
motion. That spatial wave groove is the locus of a precession 
motion with the reduced rotating motion, which generates 
using the relative motion of a precession rotor and an output 
ring. On both sides of the pre-cession rotor, many rotating 
balls are arranged in a uniform angular pitch. For each ball, 
the rotating phase which is caused by an inclined input shaft is 
different. 

 
3.2 Orthogonal-axis output type precession ball reducer 

The orthogonal-axis output type precession ball reducer [7] 
consists of many parts as shown in Fig. 8. The generating 
section of precession motion consists of an inclined input shaft 
1 with the inclined shaft 2 which rotates freely, a precession 
motion rotor 3 which rotates around the input shaft freely, 
many rolling balls 4 for precession motion and a fixed ring 5 
with the spatial circular grooves 6 of an inside surface. These 
spatial circular grooves make the precession motion. The con-
verting section of the precession motion direction consists of a 
converting rotor 7 and many rolling balls 9, 11 and 13 on that 
rotor. The precession rotor has many grooves 8 for converting 
that motion direction. And many circular grooves 10 are as-
signed around that rotor, to generate precession motion around 
the output axis. Also, the section of reduced output motion 
consists of an output rotor with the spatial trochoidal-wave 
groove 12 of an inside surface. This groove is generated from 
the arbitrary required reduction ratio. The generated reduced 
motion rotates the output shaft 14 which is the orthogonal 
direction of the input shaft. 

 

 
 
Fig. 7. Fundamental structure of a co-axial type precession ball reducer. 
 

 
 
Fig. 8. Fundamental structure of an orthogonal axial type precession 
ball reducer. 

 
3.3 Kinematic analysis of spatial circular grooves on the 

fixed ring 

In general, the precession motion is well known as the rotat-
ing motion of a cone without slipping. This motion can be 
modeled to the motion of a disc rotating around the equivalent 
circle in which the rotating axis coincides with the i-axis on 
the Cartesian space. When a precession motion is generated, it 
is necessary to limit the arbitrary spatial motion. So, spatial 
circular grooves on fixed ring are needed. Also, the reduced 
rotating motion is generated from the precession motion for 
the precession rotor. The reaction torque for reduced rotating 
motion acts on the precession rotor. So the mechanism which 
holds a reaction torque is needed as well as the general plane-
tary gearing system, at this proposed reducer. Therefore, the 
circular spatial grooves on a fixed ring are investigated. 
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The section generating the precession motion is shown in 
Fig. 9. The axis of the input shaft intersects with the inclined 
shaft at the origin point Op. Then the pitch radius of balls lo-
cated is defined as r0. All balls are located on the arbitrary 
position on a precession rotor, so the number of located balls 
is defined as n. Each ball is located around the rotating axis w1 
at the initial angle λn. That is separated at the initial angle τn 
around j-axis. Also the inclined angle is defined as α1 that 
rotor which rotates freely is assembled to the inclined shaft. 

When the inclined input shaft rotates as θ, the precession ro-
tor rotates without slipping on the equivalent disc as φ1. So the 
position of the ball center P1 is defined as Eq. (13) [13]. 

 
1 1 1 n 1 n 1 1w w j j wi iφ λ α τ φθ θ= ⋅ = ⋅1 0 0P Ε Ε E E E R Ε Ε P    

bn(0,1,2, , 1)n Z= ⋅ ⋅ ⋅⋅ −    (13) 

 
In this equation, each ball is numbered as the n-th. Also, the 

initial position is defined as Eq. (14). 
 

0(0,0, )Tr= −0R               (14) 

 
The rotating matrix around the w1 axis is defined as Eq. (15). 
 

1 1

2
1 1

1 1

1 1

1 1 1 1
2

1 1 1 1
2

1 1 1 1

cos (1 cos )
(1 cos ) sin
(1 cos ) sin

(1 cos ) sin (1 cos ) sin
cos (1 cos ) (1 cos ) sin

(1 cos ) sin cos (1 cos )

wφ

φ λ φ
λµ φ υ φ
υλ φ µ φ

λµ φ υ φ υλ φ µ φ
φ µ φ µυ φ λ φ

µυ φ λ φ φ υ φ

⎡ + −
⎢Ε = − +⎢
⎢ − −⎣

− − − + ⎤
⎥+ − − − ⎥
⎥− + + − ⎦

  (15) 

 
At this equation, the λ, µ and ν are defined as the directional 

cosine of a unit vector at the w1-axis. 
Based on these vector analyses, the end-mill cutter gener-

ates circular grooves the diameter of which is the same as the 
ball. When these grooves are generated, that cutter pose has to 
conform to the direction of P1. 
 
 

 
 
Fig. 9. Geometry of a precession motion and circular groove vector. 

 
3.4 Kinematic analysis of the special circular grooves on a 

converting rotor 

The precession motion generated from an input rotating is 
shown as Eq. (13). However, the axis of output rotating is 
located on orthogonal direction to the axis of input rotating. So, 
it is different from the required precession motion which ro-
tates around output axis as shown Eq. (16). 

 
2 2w kφ θ′ ′= Ε Ε1 0P P                (16) 

 
Each ball on the converting rotor rotates around axis w2. 

That is separated at the initial angle τ1 around j-axis. Also the 
inclined angle of output side is defined as α2. The pitch radius 
of balls on the converting rotor is defined as Eq. (17). 

 
0( ,0,0)Tr′ =0R                 (17) 

 
The position of each ball is defined as Eq. (18).  
 

2 n 2 1w j jk λ α τε′ ′= Ε Ε Ε Ε0 0P R   

bn(0,1,2, , 1)n Z= ⋅ ⋅ ⋅⋅ −       (18) 
 
In this equation, each ball is numbered as the n-th. Also, the 

arbitrary initial pose of a converting rotor is defined as the 
offset angle ε. 

In cases in which motion is converted on the co-ordinate 
frame of that rotor, the grooves on the converting rotor are 
generated with consideration of the relative motion. So, the 
position of the ball center is calculated, which is similar to the 
spatial circular grooves on the fixed ring. The example of the 
special circular shape loci and grooves is shown in Fig. 10. 
These loci have the individual non-symmetrical circular 
shapes. 

 
3.5 Kinematic analysis of the spatial trochoidal wave groove 

on an output rotor 

The input rotation at 360 degrees generates one cycle of 
precession motion for that precession rotor around the i-axis. 
This motion is limited using the spatial circular grooves on a 
fixed ring. Then, this motion is converted to the precession 
motion around the k-axis using the converting rotor. Also, the 
reduced rotating motion is generated from the converting rotor  

 

 
 
Fig. 10. Special circular shape grooves on the precession motion con-
verting rotor. 
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Fig. 11. Geometry of a reduced output motion. 

 

 
 
Fig. 12. Trochoidal wave groove on an output ring. 
 
motion. The reaction torque of reduced rotating motion 
around the k-axis acts on that converting rotor. So, this section 
consists of the part which limits spatial motion around the k-
axis, and the generating part of a reduced motion. This gener-
ating section of reduced output motion is shown in Fig. 11. 
The spatial trochoidal wave groove is shown in Fig. 12. With 
this type of reducer, the rolling balls are arranged in a uniform 
angular pitch on the rotor converting the precession motion. 
Therefore, each ball does not separate from that locus at these 
loop points and rotates smoothly. In other words, the loops on 
the trochoidal wave groove can be used. 

 
4. Development of the precession motion input type 

ball reducer 

The reciprocating motion type ball reducer [8] consists of 
the reciprocating motion generating section and the reduced 
motion generating section. Each element is an input rotor 1, a 
fixed rotor 2, a reduced motion rotor 3, many reciprocating 
motion sliders 4 and many rolling balls 5 and 6, as shown in 
Fig. 13. These sliders are located between the fixed rotor and 
each input/reduced rotor to hold the rolling balls. Each rotor 
meshes with balls by use of the outside groove on themselves. 
Also, the fixed rotor has internal linear grooves 7, which gen-
erate the reciprocating motion by ball rolling. 

At the reciprocating motion generating section, to generate 
the doubling reciprocating cycle motion using the constant 
velocity input rotation, the input rotor has a special circulate 
groove 8, just like a "8" character, which is on the rotor out-
side surface. The meshing with the ball located on that slider 
and the groove generates the half speed reciprocating motion.  

 
 
Fig. 13. Structure of a reciprocating motion ball reducer. 

 
That ball meshes with fixed rotor simultaneously. The motion 
direction is translated by use of the component of the recipro-
cating motion direction. It is similar to a grooved cam mecha-
nism which has a converting follower. Also, at this section, 
many reciprocating motion sliders which have different mo-
tion phase each other are assigned on the uniform angular 
pitch. 

On the other hand, at the reduced motion generating section, 
the reduced rotation is generated by use of the meshing with 
balls and the reduced groove. These balls are located on the 
reciprocating motion slider. That groove has a wave groove 
just like a "trochoidal-wave" 9 on that rotor outside surface. At 
this section, these reciprocating sliders drive a reduced motion 
rotor which is different from the general cam mechanism. 

 
5. Conclusions 

In this report, an overview of reducers which were devel-
oped to satisfy the various demands is given. Using the two 
stage type cycloid ball reducer and the orthogonal-axis output 
type precession ball reducer, the motion principle and the pro-
file calculation method are shown.  

In future work, to realize higher performances for the robot 
joint, we'll improve the structures of reducers. 
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